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INTRODUCTION
The modal decomposition of the equations of motion of multi-degree-of-freedom-systems (MDOFS) is usually applied to systems without damping. The associated eigenvalue problem has real eigenvectors and real free frequencies. The inclusion of damping in the equations of MDOFS leads to a quadratic eigenvalue problem with complex conjugate pairs of eigenvalues and eigenmodes. The modal decomposition of the equations has to be performed in complex space. Aiming to avoid the computation in complex arithmetic, a new modal decomposition method, presented in details in [2] - [5] , is briefly outlined in Sec. 2. This procedure is based on a real modal transformation matrix, derived from the complex eigenvalue solution of a MDOFS with symmetric non-proportional (non-modal) damping matrix.
In the suggested procedure the complex eigenvectors and eigenvalues of the structural model should be computed first. In the presented example in Sec. 4 -vibration of a rotor blade of a wind generator -computer algebra software was applied to solve the eigenvalue problem. In real life applications of the presented method to high dimensional problems it must be available a reliable eigenmode solver for large complex eigenvalue computations. There are many literature references for large scaled problems with various solution strategies, see [10] - [12] . The author has used an implicitly restarted Arnoldi/Lanczos method [11] , [12] to solve the complex eigenvalue problem in an application of the method to a fluid-structurefoundation interaction problem, see in [1] , [2] .
Another topic of this paper is to show an analytical proof of the statement for the constant phase lag/lead of free vibrations in the proportional damping case -see the introduction in Sec. 1.2. The analytical proof in an indirect manner is based on the procedure, summarized in Sec. 2. A formula for computing of the constant ratio In Sec. 4 the proposed modal analysis method, presented in Section 2, has been applied to a rotor blade beam structure with 54 DOF. The numerical example demonstrates the performance of the method for the general case of non-proportional damping. In this case the damping matrix of the system contains a stiffness proportional (Rayleigh) damping and aerodynamic (non-proportional) damping parts. In the second variant of the solution -with proportional damping matrix, the formula for the constant phase of the resonance modes is verified numerically.
Free vibrations of a viscously damped system
The equations of motion of a damped MDOFS are
where M, D and K are, respectively the (n x n) mass, damping and stiffness matrices, and V, V  are the (n x 1) displacement and velocity vectors and p(t) is the (n x 1) excitation vector.
In structural mechanics problems we consider the M and K matrices to be real, symmetric and positive definite, excluding the presence of rigid body modes. The D matrix is assumed to be symmetric, non-negative, she presents a non-proportional damping.
With the assumed free vibration in the form
2) the associated quadratic eigenvalue problem is
In Eq. (1.3) the j th eigenvalue and the corresponding eigenmode appear in complex conjugate pairs (index j omitted):
The dynamic equilibrium of a viscously damped single oscillator is governed by
where ̈ is acceleration, ̇ -velocity, = √ -free vibration frequency, = 2 -Lehr's damping ratio and
The exponential solution , introduced into the homogenous form of the differential equation (1.5b), yields the eigenvalue problem 2 + 2 + 2 = 0 (1.6)
The eigenvalue solution (assuming that ≪ 1, subcritical damping) of Eq. (1.6) is a complex conjugate pair:
(1.7)
The constant phase lag problem
Interpreting the eigenvalue pair (1.4a) as the single-oscillator-eigenvalues (1.7), we can express the j th free vibration of the MDOFS as linear combination of the two complex conjugate eigenpairs (1.4a,b):
The last relation leads to the real form of a damped free oscillation for every k th DOF:
: phase lag/lead for the k th DOF (1.10)
Since the viscous damping is assumed to be non-proportional, the free vibration solution (1.9) represents non-synchronous damped oscillation (i.e. the phase is different for each DOF). In the case of proportionally damped system we have to deal with synchronous free oscillation -i.e. the phase is constant (the same for all DOF), for undamped systems is zero -see [6] , [7] , p.118.
The features, showed in Eq.(1.9), (1.10) are well known and used in modal analysis, see for example [6] . In the present paper the statement of synchronous free oscillations in the proportional damping case should be proved analytically in Sec. 3.1.
MODAL DECOMPOSITION METHOD INCLUDING THE COMPLEX RIGHT EIGENVECTORS

The single mass oscillator
The equation of motion of a damped single degree of freedom system (SDOFS) (1.5b) can be written in the form
where the velocity is
The exponential solution 
The two complex conjugate eigenvalues ( 1   , subcritical damped system) are:
The two corresponding complex conjugate eigenvectors 1/2 , at first normalized relative to the mass matrix
are combined into a modal matrix:
Due to normalization Eq. (2.6) the orthogonality relationships can be derived: 
The damped multi-degree-of-freedom-system
The equations of motion (1.1) of damped MDOFS (n DOF) will be written in the statespace form:
where M G and K G are, respectively the (2n x 2n) symmetric generalized mass and the generalized stiffness matrices. The symmetric damping matrix D is non-negative and represents a non-proportional damping.
The exponential solution (1.2), substituted into the homogenous form of Eq.(2.12), leads to the 2n-dimensional eigenvalue problem
The solution of Eq. (2.13) is given by n complex conjugate eigenpairs (1.4), now written in the form:
Each j th eigenvector-pair
is normalized (index (j) omitted) relative to the general mass matrix G M :
Subject to the normalization (2.15) follow the orthogonality relationships -expressed in terms of the j th eigenvector-pair (index (j) omitted):
The (2n x 2n) complex square modal matrix, denoted by G Φ , is made up of the n eigenvector-pairs, see Eqn.(2.15):
The orthogonality properties -see Eq. (2.16), (2.17), are used to perform a modal decomposition of the equations of motion (2.12):
is a coordinate transformation, and
are new complex variables. Introducing real modal coordinates
for each j th eigenpair, i.e.: 
of the corresponding SDOFS can be computed by Eqs. (2.4),(2.5),(2.10), (2.11).
The real modal transformation basis
Using both transformations (2.19) and (2.22), the equations of motion (2.12) will be uncoupled into n real SDOFS block equations as follows:
The new (2n x 2n) transformation basis Υ is defined by combination of two complex transformations (2.19), (2.22): and of − all imaginary parts cancel each other, see details in [4] . This is briefly sketched below by developing the two columns of Υ , belonging to the j th eigenvector-pair:
With regard to Eq. (2.5), (2.10), (2.11) the multiplication
leads to purely real components of the two columns of the transformation basis Υ :
In the same manner we develop the "load"-vector in Eq. (2.22) 
THE PROPORTIONAL DAMPED SYSTEM
Modal transformation of the equations of motion
A simple method to construct a damping matrix , presenting a proportional damping, is the Rayleigh damping assumption:
where , : unknown weighting parameter, see Eq.(3.7),(3.8a,b) The modal damping matrix is a particular case of a more general proportional damping assumption, see [7] p.105, in the form:
The matrix (3.1b) turns for = 2 to = 1 + 2 , which is the Rayleigh approach (3.1a).
The eigenvalue problem
corresponding to the equations of motion of MDOFS without damping The general form of the matrix (3.1b) can also be transformed in diagonal form by use of the real modal matrix , as shown in [7] p. 105.
The terms in the main diagonal of the right side of (3.7) are set to be equal to the modal damping term 2 0 of the equation of motion for SDOFS (2.1). The two unknown parameter and can be calculated by solving a system of two equations + 0 2 = 2 0 , ( = 1,2) , using the first two lowest free frequencies 0 and by arbitrary choose of two appropriate damping ratios : Typically for the viscous damping is evidently the frequency related damping parameters. Below the parameter and are set to be known. In the general case (3.1b) the unknown coefficients are to be determined by solving a system of n linear equation, see [7] for details.
We consider now the proportionally damped system (1.1) with = . Assuming the solution (1.2), the associated quadratic eigenvalue problem (1.3) gives
The mass normalized eigenvectors in Eq. (3.9) are generally complex conjugate, see Eq. (2.13) -(2.15). But the eigenvalue problem (3.9) possess also "classical" real eigenmodes, identical to the eigenmodes , belonging to the eigenvalue problem without damping, see Eq. (3.2) -(3.5).
Using the eigenmodes instead of , the eigenvalue problem (3.9) can be transformed, with regard to (3.6), (3.7), to by use of the j th conjugate complex eigenvalues of the proportional damped system, is identic to the free frequency 0 of the corresponding system without damping. With the eigenvalue , Eq.(3.11b), the relationship (3.11a) proves that is a eigenvector of the proportional damped system (3.9).
In the considered case the equations of motion (1.1) can be transformed in modal spaceEq. (3.12), with regard to (3.6), (3.7):
In (3.12) the modal superposition of the original DOF is supposed by use of the "classical" modal matrix of the undamped problem, see Eq.(3.4), :
In order to transform the state space form of the equations of motion (2.12) we construct a (2n x2n) transformation matrix U by the mass normalized eigenvectors (3.4), (3.5) in the form
Eq. (2.12) can be transformed into n uncoupled real SDOFS block equations by the aid of U , with regard to Eqs. (3.6), (3.7): We compare now the transformed equations (3.15) for the case of proportional damping with the general form (2.23) where = . For both of the compared SDOFS block equations to be identic, it is evidently that each "load" term ℎ from (2.23) must be equal to zero, see (2.29b):
All terms in Eq. (3.17) exclusive of p belong to the considered j th eigenmode. Thus, with regard to (2.11a), (2.5) for all k th DOF of the j th eigenmode pair ( ± ) with corresponding eigenvalue ( ± ). Equation (3.18) proves the statement of a constant phase lag/lead, see Eq. (1.10), i.e. in the case of proportionally damped system each free vibration is a synchronous motion of all DOF.
The transformation matrix
The modal equations (3.15) demonstrate, that for the investigated case of proportional damping the modal transformation matrix U , Eq. (3.14), must be identical to the matrix , Eq. The stiffness data of the blade cross sections have been calculated in [14] . The generic aerodynamic blade geometry has been derived from real blade data. Below are given for instance the stiffness data, referred to the origin of the coordinate system of the cross section, at the distance of 2.0 m from the blade root -see The finite element solution is based on the numerical integration of the system of differential equations for the Bernoulli-beam. The reference axis of the beam model coincides with the centre of the circular-section at the root -it is the real rotational axis of the rotor blade. Thereby the differential equations and all cross section stiffness data are refered to this axis, accounting for the eccentric mass application. 
Wind loads
The wind loads are calculated according to the formula for the aerodynamic lift force per unit length of an aerofoil, see [13] p.59: The air velocity is the vector sum of the rotational speed Ω (with assumed 60 rpm) and the wind speed , incident on the aerofoil in accordance with the Betz-theory: The resulting wind thrust loads per unit length along the x-axis of the rotor blade are given below. In the structural model the wind thrust loads are acting as summarized nodal forces. The wind thrust functions F(t) are acting on the rotor blade as shown in Fig. 3 for 10 sec. 
Relationships and data for the damping approach
Starting point of the computation are the equations of motion
where ) (t P is the nodal force vector, representing the wind thrust according to Sec. 4.2.
The system equations (4.4) will be solved applying the proposed modal analysis method in Sec. 2 for two cases: non-proportional and proportional damping.
The lowest four free-vibration frequencies and associated periods for the undamped system are calculated to Assuming stiffness proportional damping in accordance with Eq.(3.1), the damping system matrix is = (4.6) With an assumed damping ratio = 0.008, see [13] p.249, for the first natural period 1 T , we obtain with regard to Eq.(3.8a,b)
The non-proportional symmetric damping matrix is build adding to the -matrix a new matrix , which represents the aerodynamic damping. The formulation is based on a simple expression for the aerodynamic damping coefficient per unit length ( ), given in [13] , p. 247: The coefficients ( ) , which represent the aerodynamic damping, are active for vibration in z-direction of the cross-section coordinate system, see Fig. 2 . The associate symmetric damping matrix for the Bernoulli-beam element is derived by analogy with the method used to derive the finite element mass matrix, see [15] . Finally the symmetric system damping matrix, , is assembled in a finite-element manner, including structural (proportional) and aerodynamic damping: = + (4.9)
Non-proportional damped system
We use here the matrix -Eq.(4.9). The vector of the first ten complex conjugate eigenvalue pairs of the matrix The matrix −1 is now calculated in the case of four involved eigenmodes according to Eq. (2.24): The resultant four uncoupled SDOFS block equations from type of Eq. (2.23), prepared in the form (2.30a,b), are solved by step-by-step integration: The vibration responses, computed by direct step-by-step integration of the equations (4.4), are practically identical to those in Fig. 5a-d. 
Proportional damped system
In this case we use the derived symmetric damping matrix -Eq.(4.6), (4.7). The first ten lowest complex conjugate eigenvalue pairs, resulting from Eq. (2.13), are now:
The corresponding (108x8) modal matrix -Eq. (2.18), comprises the first four mass normalized complex conjugate eigenvector pairs. In order to verify the derived relationship
. , see (3.14), we compute this ratio for all components of the in-  The equations of motion are transformed into uncoupled SDOFS block equations. Employing only a few (k) eigenvector pairs in the -basis (k<<n) is leading -typical for a modal transformation procedure -with sufficient numerical accuracy to the total time response of all n DOF. The modal equations are numerically integrated and finally transformed back to the original DOF. In more details the method has been described in [3] , and in [4] has been developed a similar method, based on the right and left eigenvector pairs.
 The application of the suggested method to the special case of proportional damped system is considered in details in Sec. 3. Employing a Rayleigh damping matrix, it has been shown that the modal transformation from Sec. 2 implies a ratio
for all k th DOF of each considered eigenmode ( ± ), i.e. the "constant phase" statement. This proves in an indirect manner that the free vibrations in the proportional damping case are synchronous. A simple formula for computing of the constant ratio has been also derived, expressing it through the associated modal damping ratio .
 In Section 4 a numerical example -vibration of a rotor blade with 54 DOF -demonstrates the performance of the presented modal method for the two cases -nonproportional and proportional (Rayleigh) damping. In the first variant the damping matrix of the system contains a stiffness-proportional part and a simple approximated aerodynamic damping part. In the second variant the formula for the constant phase of the resonance modes is verified numerically.
 Real life applications of the proposed modal analysis method and possible numerical complications are discussed more widely in [4] , [5] . The present paper studies some known features of proportionally damped systems -the synchronous free vibrationsfrom a viewpoint of a new proposed modal analysis method.
